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Abstract
In the present paper, we study the vacuum bosonic currents in the geometry of a compact-
ified cosmic string in the background of the de Sitter spacetime. The currents are induced
by magnetic fluxes, one running along the cosmic string and another one enclosed by the
compact dimension. To develop the analysis, we obtain the complete set of normalized
bosonic wave-functions obeying a quasiperiodicity condition. In this context, we calculate
the azimuthal and axial current densities and we show that these quantities are explicitly
decomposed into two contributions: one originating from the geometry of a straight uncom-
pactified cosmic string and the other induced by the compactification. We also compare the
results with the literature in the case of a massive fermionic field in the same geometry.
PACS numbers: 98.80.Cq, 11.10.Gh, 11.27.+d, 04.62.+v, 03.70.+k
1 Introduction
De Sitter (dS) is a curved spacetime that has been most analyzed in the context of quantum
field theory. The main reason is due to its degree of symmetry which allows that many physical
problems to be exactly solvable.1 Besides that, by the appearance of the inflationary cosmo-
logical scenario for the early Universe expansion which is best described by the dS Universe,
the importance of these theoretical analyses increased [2]. In this scenario, the cosmological
constant plays the role of the inflaton field, and quantum fluctuations in the field give rise to
inhomogeneities which are important in the generation of large scale structures from cosmic
inflation.
The topological defects formation is predicted in many field theoretical and cosmological
models due to symmetry breaking phase transitions. The early Universe was hotter and conse-
quently in a more symmetric state. Therefore, in the expansion process, its temperature dropped
∗E-mail: eduardo.braganca@uemasul.edu.br
†E-mail: emello@fisica.ufpb.br
‡E-mail: azadeh.mohammadi@ufpe.br
1De Sitter space enjoys the same number of degrees of symmetries as the Minkowski one [1].
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and faced a series of phase transitions accompanied by a spontaneous breakdown of symmetries,
which could leave topological defects as remnants. According to the Higgs-Kibble mechanism,
different types of solitons may have formed in this process. Cosmic strings are amongst the
most probable ones. Cosmic strings are linear gravitational topological defects which are pre-
dicted in the context of the standard gauge field theory of elementary particle physics [3–5].
They are lines of trapped energy density analogous to topological defects such as vortex lines
in condensed matter systems. Even though the observations of anisotropies in the CMB radia-
tion by COBE, WMAP, and the Planck satellite have ruled them out as the primary source for
primordial density perturbations [6], they can result in a number of fascinating physical effects
including gravitational lensing, the generation of highly energetic cosmic rays and gravitational
waves emission (see, for instance, [7–9]). The spacetime geometry associated with an infinitely
long and straight cosmic string is locally flat, although not globally. The presence of a cosmic
string leads to an azimuthal deficit angle and, as a result, this spacetime has a conical singular-
ity [10–12]. One of the most novel features of this spacetime is the fact that quantum fields are
sensitive to its global structure and this may give rise to compelling phenomena. For instance,
in the context of quantum field theory in curved spacetimes, the presence of a cosmic string
polarizes the vacuum state of a quantum field.
The presence of a nontrivial topology or geometry of the spacetime or even a background
gauge field may affect the vacuum in quantum field theory considerably. This means that many
consequent physical observables can provide important information about the structure of the
physical system under investigation. Among the important ones is the vacuum expectation
value (VEV) of the current density for the charged fields. In the present paper, we study the
vacuum bosonic current induced by a magnetic flux running along an idealized cosmic string
in an expanding Universe, represented by dS spacetime. As we shall see, besides the natural
dependence on the distance to the string, there appears an additional explicit time dependence
on the current, reflecting the expansive character of the dS background. In addition, we assume
that the coordinate along the string is compactified to a circle. As one knows, the compact
spatial dimensions are an inherent feature of most high-energy theories of fundamental physics,
including supergravity and superstring theories. In this way, we are investigating induced bosonic
current in a dS space as general as possible. Obviously, when the size of the compact dimension
tends to infinity we recover the results without compactification.
Cosmic string spacetime modifies the vacuum fluctuations associated with quantum fields
due to its topologically conical structure. Non-vanishing results for the renormalized VEV of
physical observables, such as the energy-momentum tensor, considering scalar and fermionic
quantum fields were obtained in [13–21]. Moreover, taking into account the presence of a mag-
netic flux running through the string’s core, there appear additional contributions to the above
VEVs associated with charged fields [22–28]. The magnetic flux can also induce vacuum current
densities. The phenomenon was addressed in [29] and [30] for massless and massive scalar fields,
respectively. It was shown that the fractional part of the ratio of the magnetic flux by the quan-
tum one leads to non-vanishing induced vacuum current densities along the azimuthal direction.
In [31, 32] the authors studied induced bosonic and fermionic currents in higher-dimensional
cosmic string spacetime in the presence of magnetic flux. The induced fermionic current by a
magnetic flux in (2 + 1)-dimensional conical spacetime was also calculated in [33]. In all these
calculations that we mentioned above the cosmic string was considered to be ideal, without any
inner structure. A nonvanishing core was studied in [34,35] for the scalar and fermionic vacuum
current densities induced by a magnetic flux in a cosmic string. Moreover, the calculation of the
VEV of fermionic energy-momentum tensor was addressed in [36].
In general, quantum effects associated with matter fields in a cosmic string spacetime are
mostly analyzed in a flat background geometry. The effects associated with a scalar field in a
curved background in the presence of a cosmic string were discussed in [37]. In [38, 39], the
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authors studied the vacuum polarization in Schwarzschild spacetime pierced by an ideal cosmic
string. In this line of work, the vacuum polarization induced by a cosmic string in anti-dS
spacetime was developed in [42] and [43] for massive scalar and fermionic fields, respectively.
A similar analysis was done in [40, 41], considering the dS spacetime. We studied the vacuum
fermionic current induced by a magnetic flux and the VEV of the energy-momentum tensor in
dS spacetime in the presence of a compactified cosmic string [44, 45]. In the current paper, we
continue the same line of analysis by calculating the induced scalar current in the same geometry.
We also compare the results with the ones for a massive fermionic field obtained in [44].
The paper is organized in the following order. In section 2 we describe the background
geometry and construct the positive frequency Wightman function for a massive charged scalar
quantum field in dS spacetime in the presence of a cosmic string presenting a magnetic flux along
its axis. Besides that, we consider that the z-axis along the string is compactified to a circle and
carries an extra magnetic flux. By using the Wightman function we evaluate the renormalized
vacuum current density induced by the magnetic fluxes and the compactification. The only
nonzero components of the current densities correspond to the azimuthal and axial ones. These
quantities are investigated in sections 2.1 and 2.2. The most relevant conclusions of our study are
summarized in section 3. We also dedicate an Appendix to provide some important expressions
used for the development of our study for the induced current densities. We consider natural
units G = ~ = c = 1 throughout the paper.
2 Induced bosonic currents
Let us consider a charged massive scalar field in a (3 + 1) dS spacetime with an ideal cosmic
string assuming that the direction along the string is compactified to a circle with the length L.
The geometry associated with the corresponding background spacetime is given by the following
line element
ds2 = dt2 − e2t/α(dr2 + r2dφ+ dz2) . (2.1)
The coordinates take values in the intervals −∞ < t < +∞, r ≥ 0, 0 ≤ φ ≤ φ0 = 2pi/q
and 0 6 z 6 L. The parameter q ≥ 1 encodes the deficit angle due to the conical structure
of the cosmic string, keeping in mind that the minimum value q = 1 shows its absence. The
parameter α is related to the cosmological constant and Ricci scalar through the expression,
R = 4Λ = 12/α2. For further analysis, in addition to the synchronous time coordinate t, it is
more convenient to introduce the conformal time τ according to τ = −αe−t/α (−∞ < τ < 0) [40].
This leads to the following line element
ds2 = (α/τ)2(dτ2 − dr2 − r2dφ2 − dz2) . (2.2)
which shows a conformally flat spacetime.
In this paper we are interested in calculating the induced vacuum current density, 〈jµ〉,
associated with a charged scalar quantum field, ϕ(x), in the presence of magnetic flux running
along the core of the string. The equation which governs the quantum dynamics of a charged
bosonic field with mass m, interacting with an electromagnetic potential vector, Aµ, in a curved
background reads(D2 +m2 + ξR)ϕ(x) = 0 , with D2 = 1√|g| Dµ
(√
|g| gµνDν
)
, (2.3)
being Dµ = ∂µ + ieAµ and g = det(gµν). In (2.3) we also considered the presence of a non-
minimal coupling, ξ, between the scalar field and the geometry represented by the Ricci scalar
R. Here, we are mainly interested in two specific values of the curvature coupling, ξ = 0 and
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ξ = 1/6, which correspond to the minimal and conformal coupling, respectively. It is known
that for a bosonic field in a conformally flat spacetime only in the case of a massless scalar field
with a conformal coupling ξ = (D−1)4D where D is the spatial dimension, the physical quantities
are related with the corresponding flat one multiplied by some power of the conformal factor.
The compactification along the z-axis is achieved by imposing the quasiperiodicity condition
on the matter field,
ϕ(t, r, φ, z + L) = e2piiβϕ(t, r, φ, z) , (2.4)
with a constant phase β, 0 6 β 6 1, along the z-direction. For the rotation around the z-axis
we adopt the periodic boundary condition
ϕ(t, r, φ+ φ0, z) = ϕ(t, r, φ, z) . (2.5)
In addition, we consider the existence of a constant vector potential Aµ = (0, 0, Aφ, Az)
with Aφ = −qΦφ/(2pi) and Az = −Φz/L, being Φφ and Φz the corresponding magnetic fluxes.
In quantum field theory the condition (2.4) changes the spectrum of the vacuum fluctuations
compared with the case of uncompactified dimension (L → ∞) and, as a consequence, the
induced vacuum current densities are dependent on the compactification parameter L, in general.
The positive energy solution of (2.3) obeying the boundary conditions (2.4) and (2.5) can be
found in a similar way as it was calculated in [40] where the geometry of a straight cosmic string
in dS spacetime, although without the magnetic flux and compactification, was considered. In
the geometry we consider here, the normalized complete set of solutions generalizes to
ϕσ(x) =
( qp
8Lα2
)1/2
e−ipiν/2τ3/2H(1)ν (λτ)Jq|n+a|(pr)e
inqφ+ikzz , (2.6)
where Jµ(x) and H
(1)
µ (x) are the Bessel and Hankel functions [46], respectively, and
λ =
√
p2 + k˜2z , with k˜z = kz + eAz , p ≥ 0 . (2.7)
The parameters in the order of Hankel and Bessel functions are
ν =
1
2
√
9− 48ξ − 4m2α2 , a = eAφ
q
= −Φφ
Φ0
(2.8)
with Φ0 = 2pi/e being the quantum flux.
The quasiperiodicity condition (2.4) results in a discretization of the quantum number kz as
shown below
kz = kl =
2pi
L
(l + β) with l = 0 ,±1,±2, ... , (2.9)
which gives
k˜z = k˜l =
2pi
L
(l + β˜) with β˜ = β +
eAzL
2pi
= β − Φz
Φ0
. (2.10)
As a result, the positive-energy solution (2.6) is characterized by the set of quantum numbers,
σ = {p, n, l}.
In order to find the induced bosonic current densities we need first to calculate the Wightman
function which describes the properties of the vacuum state. The positive frequency Wightman
function is given by W (x, x′) = 〈0|ϕˆ(x)ϕˆ∗(x′)|0〉, where |0〉 stands for the vacuum state and
ϕˆ(x) the field operator. For the evaluation of the Wightman function, we use the mode sum
formula
W (x, x′) =
+∞∑
n=−∞
∫ ∞
0
dp
+∞∑
l=−∞
ϕσ(x)ϕ
∗
σ(x
′) . (2.11)
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The set {ϕσ(x), ϕ∗σ(x′)} represents a complete set of normalized mode functions satisfying the
quasiperiodicity condition (2.4).
Substituting (2.6) into the sum (2.11), and after several intermediate steps we obtain
W (x, x′) =
2q(ττ ′)3/2e−ieAz(z−z′)
(2piα)2L
∫ ∞
0
dp p
∞∑
l=−∞
e
2pi
L
i(l+β˜)(z−z′)
×
∞∑
n=−∞
eiqn(φ−φ
′)Jq|n+a|(pr)Jq|n+a|(pr′)Kν(iλτ ′)Kν(−iλτ) . (2.12)
To obtain the above expression we have used the relation between the Hankel function, H
(1)
ν (z),
and the modified Bessel function with imaginary argument, Kµ(−iz) [46]. In order to simplify
the summation over l, we have introduced an exponential function e−ieAz(z−z′) to replace the
exponent factor β by β˜, using relation (2.10), in the summation over the quantum number
l. With the objective to develop the summation over the quantum number l we apply the
Abel-Plana summation formula [47] in the form below
∞∑
l=−∞
g(l + β˜)f(|l + β˜|) =
∫ ∞
0
du [g(u) + g(−u)] f(u)
+ i
∫ ∞
0
du [f(iu)− f(−iu)]
∑
χ=±1
g(iχu)
e2pi(u+iχβ˜) − 1 . (2.13)
For the case under investigation, we consider u ≡ L2pikz as well as
g(l + β˜) = e
2pi
L
i(l+β˜)(z−z′) and f(|l + β˜|) = Kν(iλτ ′)Kν(−iλτ) , (2.14)
where
λ = λl =
√(
2pi(l + β˜)/L)
)2
+ p2 . (2.15)
At this point, we can express the Wightman function as the sum of two terms as shown below
W (x, x′) = Ws(x, x′) +Wc(x, x′) , (2.16)
where the first contribution, Ws(x, x
′), represents the Wightman function in dS spacetime in the
presence of an uncompactified cosmic string, and the second, Wc(x, x
′), is induced by the com-
pactification. Let us call the former and the latter, the string and the compactified Wightman
functions, respectively.
Substituting (2.14) into (2.13), and also substituting the result into (2.12) we get
Ws(x, x
′) =
2q(ττ ′)3/2e−ieAz(z−z′)
(2pi)3α2
∫
dkz e
ikz∆z
∞∑
n=−∞
eiqn(φ−φ
′)
∫ ∞
0
dp p
× Jq|n+a|(pr)Jq|n+a|(pr′)Kν
(
iτ ′
√
p2 + k2z
)
Kν
(
−iτ
√
p2 + k2z
)
, (2.17)
the string Wightman function, originating from the first term on the right hand side of (2.13).
The string Wightman function (2.17) can be expressed in terms of a more workable integral
representation in a similar way as developed in Appendix A of [40]. The final expression is,
Ws(x, x
′) =
q(ττ ′)3/2e−ieAz∆z
2pi5/2α2
∞∑
n=−∞
eiqn∆φ
∫ ∞
0
dxx1/2e−Vx Iq|n+a|(2xrr′)Kν(2τ ′τx) , (2.18)
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with
V = (z − z′)2 + r2 + r′2 − (τ2 + τ ′2) . (2.19)
As to the compactified Wightman function, it is given by the second term on the right hand
side of (2.13). In Appendix A we show that Wc(x, x
′) can be expressed in the following form
Wc(x, x
′) =
2q(ττ ′)3/2e−ieAz∆z
(2piα)2
∞∑
n=−∞
eiqn(φ−φ
′)
∫ ∞
0
dp p Jq|n+a|(pr)Jq|n+a|(pr′)
×
∫ ∞
0
dγ γ√
γ2 + p2
[
Kν(τ
′γ)I−ν(τγ) + Iν(τ ′γ)Kν(τγ)
]
×
∞∑
l=1
e−lL
√
γ2+p2 cos
(
2pilβ˜ − i∆z
√
γ2 + p2
)
. (2.20)
With the Wightman functions (2.18) and (2.20) in hands, we are in position to evaluate the
induced current densities.
The bosonic current density operator is given by
jˆµ(x) = ie [ϕˆ
∗(x)Dµϕˆ(x)− (Dµϕˆ)∗ϕˆ(x)]
= ie [ϕˆ∗(x)∂µϕˆ(x)− ϕ(x)(∂µϕˆ(x))∗]− 2e2Aµ(x)|ϕˆ(x)|2 . (2.21)
Its vacuum expectation value (VEV) can be evaluated in terms of the positive frequency Wight-
man function as follows
〈jµ(x)〉 = ie lim
x′→x
{
(∂µ − ∂µ′)W (x, x′) + 2ieAµW (x, x′)
}
. (2.22)
Due to the decomposition (2.16), the current density can be written as,
〈jµ(x)〉 = 〈jµ(x)〉s + 〈jµ(x)〉c , (2.23)
where the first term corresponds to the contribution of an uncompactified cosmic string in dS
spacetime, while the second one is the contribution induced by the compactification. As we will
see shortly, the non-vanishing components of the current density are periodic functions of the
magnetic fluxes Φφ and Φz with the period equal to the quantum flux. This can be observed
easily writing the parameter a in (2.8) in the form a = n0 + a0 with |a0| < 12 , where n0 is an
integer number. In this case the VEV of the current density depends on a0 only.
In the problem under consideration, the only nonzero components of the current density are
the azimuthal and axial ones.
2.1 Azimuthal current
The VEV of the azimuthal current density is given by
〈jφ(x)〉 = ie lim
x′→x
{
(∂φ − ∂φ′)W (x, x′) + 2ieAφW (x, x′)
}
. (2.24)
The above expression can be decomposed as in (2.23). Let us start with the string contribution.
Substituting (2.18) into (2.24) as well as taking the derivative and coincidence limit, one finds
〈jφ(x)〉s = −
q2eτ3
pi5/2α2
∫ ∞
0
dxx1/2e−2(r
2−τ2)xKν(2τ2x)J (q, a0, 2xr2) , (2.25)
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where
J (q, a0, 2xr2) =
∞∑
n=−∞
(n+ a0)Iq|n+a0|(2xr
2) . (2.26)
The summation above has been developed in [31]. The result is
J (q, a0, w) = 2w
q2
[q/2]∑′
k=1
sin(2kpi/q) sin(2kpia0)e
w cos(2kpi/q) +
w
qpi
∫ ∞
0
dy sinh y
e−w cosh yg(q, a0, y)
cosh(qy)− cos(qpi) ,
(2.27)
with
g(q, a0, y) = sin(qpia0) sinh[(1− |a0|)qy]− sinh(qya0) sin[(1− |a0|)qpi]. (2.28)
In the expression (2.27), [q/2] means the integer part of this ratio and the prime in the summation
symbol means that in the case of q/2 is an integer, the term should be taken with the coefficient
1/2.
Taking into account (2.27), the Eq. (2.25) becomes
〈jφ(x)〉s = −
e
21/2pi5/2
( r
ατ
)2 ∫ ∞
0
dz z3/2Kν(z)
 [q/2]∑′
k=1
sin(2kpi/q) sin(2kpia0) e
−
(
2r2s2k
τ2
−1
)
z
+
q
pi
∫ ∞
0
dy
sinh(2y)g(q, a0, 2y)
cosh(2qy)− cos(qpi)e
−
(
2r2c2y
τ2
−1
)
z
]
, (2.29)
where we have introduced z = 2τ2x and defined
sk ≡ sin(kpi/q) and cy ≡ cosh(y). (2.30)
The integral over z can be evaluated with the help of the formula [40]∫ ∞
0
dxx(µ−3)/2e−cxKν(βx) =
21−µ
√
pi
Γ(µ/2)(β/2)(µ−1)/2
Γ
(
µ− 1
2
− ν
)
Γ
(
µ− 1
2
+ ν
)
×F
(
µ− 1
2
+ ν,
µ− 1
2
− ν, µ/2; 1
2
− c
2β
)
, (2.31)
with F (a, b, c;x) being the hypergeometric function. After the evaluation of the integral over z
the final expression for the azimuthal current induced by the cosmic string in dS background is
given by
〈
jφ(x)
〉
s
=
e
(4pi)2α4
 [q/2]∑′
k=1
sin(2kpi/q) sin(2kpia0)B0 (r/τ, sk)
+
q
pi
∫ ∞
0
dy
sinh(2y)g(q, a0, 2y)
cosh(2qy)− cos(qpi) B0 (r/τ, cy)
]
, (2.32)
which is an odd function of the magnetic flux a0 and depends on the ratio r/τ . This ratio is the
proper distance from the string in units of the dS curvature ratio α. In addition, we have used
the definition
Bl(u, v) ≡ Γ
(
5
2
+ ν
)
Γ
(
5
2
− ν
)
F
(
5
2
+ ν,
5
2
− ν; 3; 1− u2v2 − l
2L2
4τ2
)
, (2.33)
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with l = 0. The above definition will also be useful in the rest of the calculations. Notice that
the parameter ν, defined in (2.8), is related to the mass of the scalar field and can be a real or
an imaginary quantity.
At this point we would like to analyze some asymptotic cases of the azimuthal current density.
Let us first consider the situation where, r/τ  1. For a fixed conformal time this corresponds
to the region far from the string. In this region the the main contribution to the integral over z
in (2.29) comes from small values of the argument of the Macdonald function. By considering
the corresponding expansion of the Macdonald function for small arguments and ν as imaginary,
we find
〈
jφ(x)
〉
s
≈ e
8pi5/2α4
(τ
r
)5
[q/2]∑′
k=1
sin(2kpi/q) sin(2kpia0)
s5k
Re
[(
2rsk
τ
)2ν
Γ(ν)Γ(5/2− ν)
]
+
q
pi
∫ ∞
0
dy
sinh(2y)g(q, a0, 2y)c
−5
y
cosh(2qy)− cos(qpi) Re
[(
2rcy
τ
)2ν
Γ(ν)Γ(5/2− ν)
]}
. (2.34)
From the above expression we note an oscillatory behavior at large distances from the string
when ν is imaginary. As can be seen, for large distances the string contribution of the azimuthal
current density tends to zero with the fifth power of τ/r. If ν is real, we have the same equation,
(2.34), with the coefficient 1/2. However, knowing that for the case of a minimal coulpling
(ξ = 0), 0 ≤ mα ≤ 3/2 for real ν, depending on the mass of the bosonic field, the decay behavior
for large distances can be really different. As ν becomes closer to the maximum value (as mass
decreases to zero), the decay in
〈
jφ(x)
〉
s
becomes slower. It tends to zero with the second power
of τ/r for the massless field. In contrast,
〈
jφ(x)
〉
s
for the fermionic field in the same geometry
decays with the fourth power of τ/r independent of the mass, and while decaying oscillates as it
was shown in [44]. However, in the massless limit the oscillating behavior disappears. Now, in
the case of a conformal coulpling, ξ = 1/6 resulting in 0 ≤ mα ≤ 1/2 for real ν, the azimuthal
current density goes to zero with the fourth power of τ/r in the massless limit, similar to the
fermionic case.
Moreover, by explicit derivation we can show that in the limit r/τ  1, i.e., in the regions
near the string, Eq. (2.32) presents a divergence on the string with the inverse fourth power of
the proper distance matching exactly with the result for the fermionic field studied in [44].
In Fig. 1 we plot the string part of the azimuthal current density (in the absence of the
compactification) as a function of r/τ considering different values of q and a minimal coupling
(ξ = 0). In the left plot, the parameter ν is real and in the right one is imaginary. In the latter
case we show the oscillatory behavior of the azimuthal current density at large distances from
the string.
Now, for the evaluation of the azimuthal current density induced by the compactification,
we need to start again with the Eq. (2.20). Substituting this equation into (2.24), after taking
the derivatives and the coincidence limit, one obtains
〈jφ(x)〉c = −
4eq2τ3
(2piα)2
∞∑
l=1
cos(2pilβ˜)
∞∑
n=−∞
(n+ a0)
∫ ∞
0
dp p J2q|n+a|(pr)
×
∫ ∞
0
dγ γ
e−lL
√
γ2+p2√
γ2 + p2
Kν(τγ)[Iν(τγ) + I−ν(τγ)]. (2.35)
After evaluating the integrals over p and γ [48, 49], the expression becomes
〈jφ(x)〉c = −
2eq2τ3
α2pi5/2
∞∑
l=1
cos(2pilβ˜)
∫ ∞
0
dxx1/2e−(l
2L2+2r2−2τ2)xKν(2τ2x)J (q, a0, 2r2x), (2.36)
8
Figure 1: String part of the azimuthal current density as a function of r/τ considering several
values of the parameter q. In the left plot mα = 1 while in the right one mα = 2. In both plots
a0 = 0.25 and ξ = 0.
where x = 1/(4s2). In the above equation, it is not difficult to see that in the limit L→∞ the
contribution of the current originated from the compactification vanishes which is the expected
result. By using the representation (2.27) and after the integration over x, one finds
〈
jφ(x)
〉
c
=
2e
(4pi)2α4
∞∑
l=1
cos(2pilβ˜)
 [q/2]∑′
k=1
sin(2kpi/q) sin(2kpia0)Bl (r/τ, sk)
+
q
pi
∫ ∞
0
dy
sinh(2y)g(q, a0, 2y)
cosh(2qy)− cos(qpi) Bl (r/τ, cy)
]
, (2.37)
where we have used the definition (2.33). The above expression is an even function of the
magnetic flux enclosed by the compactification and an odd function of the magnetic flux running
along the string.
Some asymptotic cases can be studied for the current density induced by the compactifica-
tion. Considering small distances from the string, we can use the following expression for the
hypergeometric function [46]
F (a, b, c; z) =
Γ(c)Γ(b− a)
Γ(b)Γ(c− a)
F
(
a, c− b, a− b+ 1; 11−z
)
(1− z)a
+
Γ(c)Γ(a− b)
Γ(a)Γ(c− b)
F
(
b, c− a, b− a+ 1; 11−z
)
(1− z)b . (2.38)
For the case where the parameter ν is imaginary, in the leading term we have〈
jφ(x)
〉
c
≈ eq sin(qpia0)
(2pi)3α4
(τ
r
)2(1−q|a0|)
Γ(1− q|a0|)
∞∑
l=1
cos(2pilβ˜)
×Re
[
Γ(2ν)Γ
(
3
2 + q|a0| − ν
)
Γ
(
1
2 + ν
) (2τ
lL
)2(q|a0|−1−ν)+5]
. (2.39)
If ν is real, the leading contribution comes from the second term on the right-hand side of (2.38)
where the result is 1/2 of the imaginary ν case. In this limit, the VEV of the azimuthal current
density induced by the compactification diverges on the string if |a0| ≤ 1/q and is finite on the
string if |a0| > 1/q, unlike the fermionic case where the threshold value is |a0| = (1−1/q)/2 [44].
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Now, in the limit where L/τ  1 and r/τ fixed, again we can use (2.38) and for ν being
imaginary one finds
〈
jφ(x)
〉
c
≈ e
2pi2α4
( τ
L
)5 ∞∑
l=1
cos(2pilβ˜)
 [q/2]∑′
k=1
sin(2kpi/q) sin(2kpia0)Gl(r/L, sk)
+
q
pi
∫ ∞
0
dy
sinh(2y)g(q, a0, 2y)
cosh(2qy)− cos(qpi) Gl (r/L, cy)
]
, (2.40)
where we use the notation
Gl(u, v) ≡ Re
[
Γ(2ν)Γ(5/2− ν)
Γ(1/2 + ν)
(
L
τ
)2ν ( l2
4
+ u2v2
)ν−5/2]
. (2.41)
Clearly, the compactification contribution of the azimuthal current density tends to zero when
L→∞.
In Fig. 2, taking into consideration a minimal couping, we plot the VEV of the azimuthal
current density induced by the compactification. In the left plot we have the induced current
as a function of r/τ for three different values of q. Note that the the left plot shows both cases
where the azimuthal current density diverges or not on the string depending on the value of q.
Moreover, when r/τ → ∞ it goes to zero. In the right plot of Fig. 2 the azimuthal current
density induced by the compactification is shown as a function of β˜ for the same values of the
parameter q. It exhibits the periodic behavior in β˜, as expected.
q
1.5
2.5
3.5
0.0 0.5 1.0 1.5 2.0 2.5
-2.0
-1.5
-1.0
-0.5
0.0
r/τ
1
0
2
α4
<
jϕ
(x
)>
c
/e
Figure 2: Azimuthal current density induced by the compactification as a function of r/τ (left
plot) and β˜ (right plot) for different values of the parameter q. In the left plot we consider
β˜ = 0.25, a0 = 0.45 and in the right one r/τ = a0 = 0.25. In both plots we have mα = 1.5,
L/τ = 0.75 and ξ = 0.
We note that taking into account the Eqs. (2.32) and (2.37) is possible to write the total
azimuthal current density as
〈
jφ(x)
〉
=
2e
(4pi)2α4
∞∑′
l=0
cos(2pilβ˜)
 [q/2]∑′
k=1
sin(2kpi/q) sin(2kpia0)Bl (r/τ, sk)
+
q
pi
∫ ∞
0
dy
sinh(2y)g(q, a0, 2y)
cosh(2qy)− cos(qpi) Bl (r/τ, cy)
]
. (2.42)
The term l = 0 has to be taken with the coefficient 1/2 and give us the azimuthal current
density induced by the uncompactified string and the curvature of the dS spacetime. For a
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massless scalar field and considering the conformal coupling, ξ = 1/6, we have ν = 1/2. For this
specific case, by using the properties of the hypergeometric function [46], the total azimuthal
current matches exactly to the one for the flat spacetime in the presence of a compactified cosmic
string [31], for the (1 + 3)−dimension, times the conformal factor (τ/α)4 which is the expected
result.
2.2 Axial current
Now, we focus on the axial current density, which its VEV is given by
〈jz(x)〉 = ie lim
x′→x
{
(∂z − ∂z′)W (x, x′) + 2ieAzW (x, x′)
}
. (2.43)
Replacing the Wightman function (2.18) in the above equation, after taking the derivatives and
the coincidence limit we note that the string contribution vanishes.
The contribution of the axial current density induced by the compactification after several
intermediate steps, similar to the ones done in the last sections, is given in the following form
〈jz(x)〉c = −
eqτ3
(piα)2
∑
l=1
sin(2pilβ˜)
∞∑
n=−∞
∫ ∞
0
dp pJ2q|n+a|(pr)
∫ ∞
0
dγ γKν(νγ)
× [Iν(τγ) + I−ν(τγ)]e−lL
√
γ2+p2 . (2.44)
The integral representation
e−lL
√
γ2+p2 =
lL√
pi
∫ ∞
0
ds s−2 e−(γ
2+p2)s2−l2L2/(4s2). (2.45)
allows us to perform the integration over p and γ in the expression (2.44) where the result is
given by
〈jz(x)〉c = −
4eqLτ3
α2pi5/2
∞∑
l=1
l sin(2pilβ˜)
∫ ∞
0
dxx3/2e−(l
2L2+2r2−2τ2)xKν(2τ2x)I(q, a0, 2r2x), (2.46)
with x ≡ 1/(4s2) and
I(q, a0, w) =
∞∑
n=−∞
Iq|n+a0|(w) . (2.47)
In [31], it has been shown that (2.47) can be written as
I(q, a0, w) = e
w
q
− 1
pi
∫ ∞
0
dy
e−w cosh yf(q, a0, y)
cosh(qy)− cos(piq) +
2
q
[q/2]∑′
k=1
cos(2kpia0)e
w cos(2kpi/q) , (2.48)
where [q/2] represents the integer part of q/2, and the prime on the sign of the summation means
that in the case q = 2p the term k = q/2 should be taken with the coefficient 1/2. Obviously, if
q < 2 the summation term must be omitted. Moreover, the function f(q, a0, y) is given by
f(q, a0, y) = sin[(1− |a0|)piq] cosh(|a0|qy) + sin(|a0|piq) cosh[(1− |a0|)qy] . (2.49)
After the integration over x [48], the final expression for the axial current density is given by
〈jz(x)〉c =
eL
2(2pi)2α4
∞∑
l=1
l sin(2pilβ˜)
 [q/2]∑′
k=0
cos(2kpia0)Bl (r/τ, sk)
− q
pi
∫ ∞
0
dy
f(q, a0, 2y)
cosh(2qy)− cos(qpi) Bl (r/τ, cy)
]
. (2.50)
11
For the case of a massless scalar field and considering a conformal coupling, we have ν = 1/2.
By similar considerations done for the azimuthal current, we find that the axial current density
matches to the result for the Minkowski spacetime times the conformal factor (τ/α)4 (the sign
of the axial current obtained in [31] should be corrected to the opposite one).
Considering the term k = 0 of the Eq. (2.50) we have
〈jz(x)〉(0)c =
eL
pi2(2α)4
∞∑
l=1
l sin(2pilβ˜)Bl (r/τ, s0) . (2.51)
This expression is the VEV of the axial current density with no dependence on q and a0. It
is a purely topological term being dependent only on the compactification of the z−axis and
obviously goes to zero in the limit L → ∞. The remaining in (2.50), magnetic flux and planar
angle deficit contribution, in the axial current density is given by
〈jz(x)〉(q,a0)c =
eL
2(2pi)2α4
∞∑
l=1
l sin(2pilβ˜)
 [q/2]∑′
k=1
cos(2kpia0)Bl (r/τ, sk)
− q
pi
∫ ∞
0
dy
f(q, a0, 2y)
cosh(2qy)− cos(qpi) Bl (r/τ, cy)
]
. (2.52)
This expression is finite on the string. Besides that, it is an odd function of the magnetic flux
enclosed by the compactification along the string axis and an even function of the magnetic flux
along the string’s core.
We can note that in the case of L/τ  1 by using (2.38), the axial current goes to zero, as
expected, with the fourth power of τ/L. The behavior of the axial current density is shown in
Fig. 3 as a function of r/τ (left plot) and as a function of the compactification length L/τ (right
plot) considering a minimal coulpling. Comparing the left plot with the result in the fermionic
field case studied in [44], it is easy to see that they have opposite signs. This is not characteristic
of the dS spacetime due to the fact that this also happens in the Minkowski spacetime studied
in [31] and [50]. In both references the sign of the final axial currents should be corrected to
the opposit one. The right plot in Fig. 3 shows the behavior of 〈jz(x)〉c as a function of the
compactification length L/τ for several values of a0. As one would expect, it vanishes in the
limit L/τ →∞, i.e. in the absence of compactification.
q
1.5
2.5
3.5
0.0 0.2 0.4 0.6 0.8 1.0
-0.1
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
r/τ
α4
<
jz
(x
)>
c
/e
L
Figure 3: Axial induced current density as a function of r/τ (left plot) for three values of q and
as a function of L/τ (right plot) for three different values of a0. In the left graph L/τ = 0.75,
while in the right one r/τ = 0.25 and q = 1.5. In both plots β˜ = a0 = 0.25, mα = 1.5 and ξ = 0.
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3 Conclusion
In this paper we have studied the VEVs of the induced bosonic currents in dS spacetime consid-
ering the presence of a compactified cosmic string. These currents are induced by the presence
of magnetic fluxes, one along the string’s core and another one enclosed by the compactified
dimension. In order to perform our analysis, we constructed the positive frequency Wightman
function associated with a massive scalar field considering that the field obeys the quasiperi-
odicity condition (2.4), with a constant arbitrary phase β, and that the dimension along the
z-direction is compactified to a circle with lenght L. The quasiperiodicity condition imposes
that the quantum number related with the compactified string becomes discrete, and in order
to consider the summation over this quantum number, we have employed the Abel-Plana sum-
mation formula (2.13). By using this formula, the Wightman function and consequently the
induced currents, are decomposed into two contributions: one induced by a cosmic string in dS
spacetime with no compactification, Eq. (2.18), and another one induced by the compactifica-
tion, Eq. (2.20). Taking into account these functions, we have calculate the azimuthal and axial
current densities.
The string part of the azimuthal current density was obtained by substituting the Wightman
function (2.18) into (2.22). Its final expression is given by (2.32) and is an odd function of the
magnetic flux along the string’s core. In addition, the azimuthal current depends on the ratio r/τ ,
which is the proper distance from the string measured in units of the dS curvature scale α. Some
particular asymptotic cases of (2.32) are considered. For the region r/τ  1 the leading term
of the azimuthal current induced by an uncompactified string, considering ν imaginary, is given
by (2.34). From this expression we note that for large distances from the string, the azimuthal
current density besides decaying with the fifth power in τ/r, has an oscillatory behavior if the
parameter ν is imaginary. The parameter ν is related to the mass of the scalar field. If ν is
real, we have the same equation, but with the coefficient 1/2. However, depending on the mass
of the bosonic field, the decay behavior for large distances can be very different. Considering a
minimal coulpling, ξ = 0, as mass tends to zero the string contribution of the azimuthal current
density goes to zero with the second power of τ/r. This is in contrast with the result for the
fermionic field in the same geometry. In the fermionic field case the current decays with the
fourth power of τ/r independent of the mass, and while decaying oscillates. However, in the
massless limit the oscillation disappears. In the case of a conformal coupling and a massless
scalar field, the azimuthal current density goes to zero with the fourth power of τ/r, the same
as for the fermionic field. These results for the bosonic field are shown in Fig. 1 where we have
shown the string contribution of the azimuthal current density as a function of r/τ considering
just the case of a minimal coupling.
For the azimuthal current density induced by the compactification, we have used the Wight-
man function (2.20) and obtained the Eq. (2.37). This expression is an odd function of the
magnetic flux along the string and an even function of the magnetic flux enclosed by the string
axis. For regions close to the string, r/τ  1, and considering that the parameter ν is imaginary,
the leading term of the azimuthal current density induced by the compactification is given by
(2.39). This expression presents a divergence on the string if |a0| ≤ 1/q and is finite on the string
if |a0| > 1/q, in contrast with the fermionic case where the threshold value is |a0| = (1− 1/q)/2.
We have also considered the case of L/τ  1, for r/τ fixed, where the leading contribution is
given by (2.40). In this regime, the azimuthal current density goes to zero, as one expects, with
the fifth power of τ/L. The behavior of the azimuthal current density induced by the compacti-
fication as functions of r/τ and the magnetic flux enclosed by the string axis has been shown in
the Fig. 2 for a minimal coupling, ξ = 0. The expression for the total azimuthal current density
is presented in (2.42).
Our next step was to consider the axial current density. We have shown that the only
13
non-zero contribution for the axial current is due to the compactification. The total axial
current density is given by (2.50). We were able to decompose it into two contributions. The
first one is given by (2.51) which is a purely topological contribution being dependent only on
the compactification along the string axis. The other contribution for the azimuthal current
density, given by (2.52), is induced by the planar angle deficit, the magnetic flux and also the
compactification. This contribution is an odd function of the magnetic flux enclosed by the
compactified string and an even function of the magnetic flux running along the string’s core.
Besides that, this contribution is finite on the string. We have also considered some particular
cases in the axial current density expression. In Fig. 3 we have plotted the axial current induced
by the compactification as functions of r/τ and L/τ considering a minimal coupling, ξ = 0, for
several values the parameter q and the magnetic flux along the string’s core. We have shown
that the induced axial current densities considering bosonic and fermionic fields have opposite
signs which is a shared characteristic with the Minkowski spacetime. Moreover, in the limit
where L/τ  1, both the azimuthal and axial current densities induced by the compactification
go to zero, as one expects. Furthermore, we have shown that for a massless field and considering
conformal coupling, ξ = 1/6, the expressions for both current densities match the Minkowski
one with the same geometry, found in [31], times the fourth power of the conformal factor τ/α.
Before finishing this paper we would like to mention that all expressions obtained for the
current densities associated with the uncompactified contribution present the natural dependence
on the distance to the string, besides an explicit time dependence. In fact these dependencies
appear in the combination τ/r. As to the compactified contribution, an extra dependence on
the compactification length L and conformal time appears in the combination τ/L. Finally we
should say that our results may provide relevant information about the vacuum bosonic current
in the inflationary phase of the Universe.
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A Integral representation for the compactified Wightman func-
tion
Here, we develop the intermediate steps in the calculation of the compactified Wightman function
(2.20). In order to obtain this function, we substitute (2.14) into (2.13), and also substitute the
result into (2.12). From the second term on the right hand side of (2.13), the compactified
Wightman function is given by
Wc(x, x
′) =
2iq(ττ ′)3/2e−ieAz∆z
(2pi)3α2
∞∑
n=−∞
eiqn∆φ
∫ ∞
0
dppJq|n+a|(pr)Jq|n+a|(pr′)
×
∫ ∞
0
dkz
[
Kν(iτ
′√(ikz)2 + p2)Kν(−iτ√(ikz)2 + p2)
−Kν(iτ ′
√
(−ikz)2 + p2)Kν(−iτ
√
(−ikz)2 + p2)
] ∑
λ=±1
e−λkz∆z
eLkz+2piiλβ˜ − 1 ,
(A.1)
defining u ≡ L2pikz. The integral over kz must be considered in two different situations as follows
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• For p > kz: √
(±ikz)2 + p2 =
√
p2 − (kz)2 . (A.2)
• For p < kz: √
(±ikz)2 + p2 = e±ipi2
√
(kz)2 − p2 . (A.3)
The integral over the segment [0, p] vanishes in contrast with the segment [p, ∞). In fact in
the latter interval the integrand reads
Kν(e
ipiτ ′
√
(kz)2 − p2)Kν(τ
√
(kz)2 − p2)−Kν(τ ′
√
(kz)2 − p2)Kν(e−ipiτ
√
(kz)2 − p2) . (A.4)
Now using the the identity [46],
Kν(ze
impi) = e−imνpiKν(z)− ipi sin(mνpi) csc(νpi)Iν(z) , (A.5)
for m integer, using the well-known relation involving the modified Bessel functions, Kν(z) =
pi
2 (I−ν(z) − Iν(z))/ sin νpi as well as defining a new variable γ2 = k2z − p2, Eq. (A.1) can be
expressed as
Wc(x, x
′) =
2q(ττ ′)3/2e−ieAz∆z
(2piα)2
∞∑
n=−∞
eiqn∆φ
∫ ∞
0
dp pJq|n+a|(pr)Jq|n+a|(pr′)
×
∫ ∞
0
dγ γ√
γ2 + p2
[
Kν(τ
′γ)I−ν(τγ) + Iν(τ ′γ)Kν(τγ)
]
×
∞∑
l=1
e−lL
√
γ2+p2 cos(2pilβ˜ − i∆z
√
γ2 + p2), (A.6)
where we have also used the expansion (eu − 1)−1 = ∑∞l=1 e−lu.
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